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Abstract
To which extent the whole of a system cannot be reduced into the sum of its parts? Apart from complexity
theory, this question stands on the core of composite quantum states structure, given the intrinsic structural
properties of Hilbert spaces’ tensor product [1]. This arises in both cases due to correlations playing a role in
the overall observed dynamics, or statistical properties.
Those correlations give rise to regularities on those objects, being spatial, temporal or both. As a way to
study them, information-theoretic and minimal-description methods are commonly used. Apart from the well
known information measures, in the quantum setting there are also some proposed quantum informational mini-
mal description-oriented approaches [2], based on a quantum extension of Kolmogorov’s complexity. Although
in general among them a quantification is achieved, there is no clear structural characterization. This being the
main goal of the hierarchical estimation of correlations [3], called here hierarchical information. Those tools
have been used in classical systems as Cellular Automata and Coupled Tent Maps [3], and later formalized [4].
This is an approach essentially based on quantifying the degree of interaction from few to increasingly
more parts of one system, in a fashion that as many parts contribute to the system dynamics, higher orders of
interaction rise, giving room for richer dynamics, richer statistics. Hierarchical information (HI) generalizes
the concept of mutual information, giving it a structural interpretation. The hierarchical order of a model can be
seen as the number of units interacting that actually contribute to the final statistics, those units are represented
as random variables in the statistical model, and their interactions, as correlations. The hierarchical information
then takes a set of random variables S = {Xi}, i = 0, · · · , N , and computes for each statistical model of
order k, 1 ≤ k ≤ N , the Kullback-Leibler divergence to the closest model of order k − 1. Both models are
constructed via exponential families. In simple words, HI quantifies the degree to which the statistics of the
k−th order model cannot be reduced to the (k − 1)−th order one. Building in this way a vectorial quantity
I(k), measured in bits for each k, as it is a KL divergence.
Although in the case of quantum states the statistical properties differ from the commutative setting, needing
whole new extension from the classical counterpart. To be able to clearly compare its results with phenomena
seen in classical systems, considered as having complex dynamical properties. One could use statistics of local
measurements on ensembles of quantum states ρ in composite Hilbert spaces, H⊗k, k > 1, to measure the
same type of hierarchical information.
In this setting it is shown that projective measurements (PM = {Pi : P 2i = Pi}) are more suitable due
to their repeatability property and minimality assumptions, which exclude projective-operator valued measure-
ments. Following the Gleason’s theorem and thus using a von Neumann-Lüders set of local projectors, this
leads to a minimization on the statistical biasing effects incurred from a bad choice in the set PM. Also fulfill-
ing natural restrictions, as completeness
∑
i Pi = I, the set of projectors formed using the computational basis
P = {Pi : Pi = |i〉 〈i| , i = 0, 1} is one of the optimal ones within those restrictions.
In order to assess the first higher hierarchical order I(3), two tripartite mixed state families are chosen. For
tripartite states it is known that there are only two classes of genuinely tri-party maximally entangled states,
these are |GHZ〉 = |000〉+|111〉√
2
, the GHZ (Greenberger-Horne-Zeilinger) state and |W〉 = |001〉+|010〉+|100〉√
3
, the
W-state. Mixed-state families can then be build as their convex combination with the maximally mixed state
I
⊗3
2 ∈ H2 ⊗ H2 ⊗ H2: ̺GHZ = α |GHZ〉 〈GHZ| +
1−α
8 I
⊗3
2 , ̺W = α |W 〉 〈W | +
1−α
8 I
⊗3
2 , respectively,
and with 0 ≤ α ≤ 1. Naturally, every measured qubit takes the role of a system’s fundamental unit, and then
hierarchical correlations of order up to k = 3 can be assessed, among those units.
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Figure 1: Hierarchical information I(k) of ̺W
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Figure 2: Hierarchical information I(k) of ̺GHZ
Figures 1 and 2 show the hierarchical information of the families of mixed states ̺W and ̺GHZ, respectively,
according to the chosen set of projective measurements PM. When α = 0, both mixed-state families are the
maximally mixed state inH2⊗H2⊗H2. But as the α−values increase, one can notably see how the hierarchical
information starts to build up differently. Showing the effect of the distinct kind of entanglement between those
families, since this is the only difference between the set-ups.
While on one hand the statistical behavior related to the family ̺GHZ can be successfully reduced to a
pair interaction model, which is fully described by I(2) [3]. On the other, the family ̺W shows up a more
intricate type of hierarchical correlations. In which the triple-wise correlations I(3) have a non-monotonically
behavior with a maximum before the pure state entanglement takes part. Albeit its lower order ones I(1,2)
present monotonicity, and especially I(1), which shows that a measurement only on one qubit on the W states
cannot uniquely determine the state of the other qubits, whereas this happens on the GHZ type of entanglement.
Being also interesting to point out that the behavior of I(k) in ̺GHZ is closely related to statistics of classical
synchronized dynamics, while I(k) in ̺W to statistics of classical complex systems dynamics.
References
[1] Ingemar Bengtsson and Karol Zyczkowski. Geometry of Quantum States: An Introduction to Quantum
Entanglement. Cambridge University Press UK, 2006.
[2] Caterina E Mora and Hans J Briegel. Algorithmic complexity and entanglement of quantum states. Physical
review letters, 95(20):200503, November 2005.
[3] T. Kahle, E. Olbrich, J. Jost, and N. Ay. Complexity measures from interaction structures. Physical Review
E, 79(2), February 2009.
[4] Nihat Ay, Eckehard Olbrich, Nils Bertschinger, and Jürgen Jost. A geometric approach to complexity.
Chaos, 21(3), 2011.
